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1. Introduction

An interconnection network is usually modeled by a connected graph G = (V, E), where nodes represent processors and
edges represent communication links between processors. The connectivity is one of the important parameters to evaluate
the reliability and fault tolerance of a network. The connectivity «(G) of a graph G is defined as the minimum number of
vertices whose deletion results in a disconnected graph. Whitney [20] provides another definition of connectivity. For any
subset S = {u, v} € V(G), let x¢(S) denote the maximum number of internally disjoint paths between u and v in G. Then
k(G) = min{kg(S)|S € V(G) and |S| = 2}. As a generalization of the traditional connectivity, the generalized r-connectivity
was introduced by Hager et al. [8] in 1985.

Let S € V(G) and «g(S) denote the maximum number k of edge-disjoint trees Ty, T, ..., Ty in G such that
V(T))(\V(T;) = S forany i,j € {1,2,...,k} and i # j. For an integer r with 2 < r < n, the generalized r-connectivity
of a graph G is defined as «.(G) = min{«¢(S)|S € V(G) and |S| = r}. This is a parameter that can measure the reliability
of a network G to connect any r vertices in G. The generalized 2-connectivity is exactly the traditional connectivity. Li
et al. [10] derived that it is NP-complete for a general graph G to decide whether there are k internally disjoint trees
connecting S, where k is a fixed integer, and S C V(G). There are some known results [12,14,18] regarding the bounds
of generalized connectivity and the relationship between connectivity and generalized connectivity. In addition, there
are some known results about generalized r-connectivity for some special classes of graphs. For example, Chartrand
et al. [2] studied the generalized connectivity of complete graphs; Li et al. [13] first studied the generalized 3-connectivity
of Cartesian product graphs, then Li et al. [15] also studied the generalized 3-connectivity of graph products; Li et al. [11]
studied the generalized connectivity of the complete bipartite graphs, Lin et al. [ 19] studied the generalized 4-connectivity
of hypercubes and Zhao et al. studied the generalized 4-connectivity of exchanged hypercubes [25]. Zhao et al. had
gotten the generalized 3-connectivity of the regular networks with the property that each vertex has exactly two outside
neighbors [26], the (n, k)-bubble-sort graphs [27], the (n, k)-star graphs and alternating group graphs [23] and the Caylay
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graph generated by complete graph and wheel graph [24]. As the Cayley graph has some attractive properties to design
interconnection networks, Li et al. [17] studied the generalized 3-connectivity of star graphs and bubble-sort graphs and
Li et al. [16] studied the generalized 3-connectivity of the Cayley graph generated by trees and cycles. For more results
about the recursive graph and Cayley graph, one can refer to [3] and [9], respectively. So far, there are few results about
k(G) for r = 4 and almost all known results are about r = 3. In this paper, we obtain that x4(HCN,) = n forn > 3. As a
corollary, we obtain that x3(HCN,) = n for n > 3.

The paper is organized as follows. In Section 2, some terminologies and notations are introduced. In Section 3, the
generalized 4-connectivity of the hierarchical cubic network is determined. As a corollary, the generalized 3-connectivity
of the hierarchical cubic network can be obtained directly. In Section 4, the paper is concluded.

2. Preliminary
2.1. Terminologies and notations

Let G = (V, E) be a simple and undirected graph. Let |V(G)| denote the order of the graph G. Let V' C V(G), then G[V’]
is the subgraph of G whose vertex set is V' and whose edge set consists of all edges of G which have both ends in V. For
a vertex v € V(G), the set of neighbors of v in a graph G is denoted by Ng(v) and Ng[v] = Ng(v) U {v}. Let dg(v) denote
the number of edges incident with v and §(G) denote the minimum degree of the graph G. A graph is said to be k-regular
if for any vertex v of G, dg(v) = k. Two xy- paths P and Q in G are internally disjoint if they have no common internal
vertices, that is, V(P)(V(Q) = {x,y}. Let Y € V(G) and X C V(G)\'Y, the (X, Y)-paths is a family of internally disjoint
paths starting at a vertex x € X, ending at a vertex y € Y and whose internal vertices belong neither to X nor to Y. If
X = {x}, then the (X, Y)-paths is a family of internal disjoint paths whose starting vertex is x and the terminal vertices
are distinct in Y, which is referred to as a k-fan from x to Y. For terminologies and notations not defined here, refer to [1].

Let [n] = {1, 2, ..., n}. Let V,, be the set of binary sequence of length n, i.e., V;; = {x1x, - - - x3]x; € {0, 1} and 1 < i < n}.
For x = X1Xy---X; € Vy, let x! = x; e X_1Xi X141+ Xp and X = X1Xy - - X, € Vy, which is called the complement of x,
where x; € {0, 1}\{x;} for each i € [n].

The hypercube is one of the most fundamental interconnection networks. An n-dimensional hypercube Q, = (V,E) is
an undirected graph with |V| = 2" and |E| = n2"~'. Each vertex can be represented by an n-bit binary string. There is
an edge between two vertices whenever their binary string representation differs in only one bit position. The Hamming
distance, denoted by dy(u, v), between any two vertices u and v of Q, is the number of different positions between
the binary strings of u and v. It is easy to see that two vertices u and v of the hypercube Q, are adjacent if and only if
dy(u, v) = 1. The hierarchical cubic network was introduced by Ghose and Desai in [7], which can feasibly be implemented
with thousands or more processors, while retaining some good properties of the hypercubes, such as regularity, symmetry
and logarithmic diameter. Next, we will introduce the definition of the hierarchical cubic network.

2.2. The n-dimensional hierarchical cubic network HCN,

The n-dimensional hierarchical cubic network HCN,, can be decomposed into 2" clusters, say Cq, C3, ..., Con, and each
cluster is isomorphic to an n-dimensional hypercube Q,. Any node u € V(HCN,) is identified by a unique 2n-bit binary
string, denoted by u = (c(u), p(u)), as an id. Each id contains two parts: n-bit cluster-id c(u) and n-bit node-id p(u). An
edge in a cluster is called a cube edge, say E.,(HCN,), and an edge connecting two nodes in two distinct clusters is called
a cross edge, denoted by E.(HCN,). The set of edges that connects two distinct clusters G; and G is denoted by E.(G;, G),
where i,j € [2"]. For u, v € V(HCN,), let u = (c(u), p(u)) and v = (c(v), p(v)). There exists an edge uv € E(HCN,) if and
only if uv belongs to one of the following conditions:

(1) Eu(HCNn) = {uv|c(u) = c(v) and du(p(u), p(v)) = 1},

(2) E;/(HCN,) = {uw] if c(u) = p(u), then c(v) = p(v) = c(u), otherwise, c(u) = p(v) and p(u) = c(v)}.

By the definition of hierarchical cubic network, HCN,, is an (n 4+ 1)-regular network. For any vertex v of HCN,, it has
exactly one neighbor outside the cluster which v belongs to, which is called the outside neighbor of v and denoted by v’.
An 2-dimensional hierarchical cubic network HCN, is shown as Fig. 1, where the red edges represent the cross edges of
HCN,.

There are some known results about HCN,, for which one can refer to [4-7,21,22,28] etc. for the detail. By the definition
of the hierarchical cubic network HCN,, the following result can be obtained.

Lemma 1. Let Cq, G, ..., Con be the 2" clusters of HCN, for n > 3, then the following results hold.
(1) Fori € [2"], let v € V(G;) with c(v) = p(v). The outside neighbors of distinct vertices in V(C;) \ {v} belong to different

clusters of HCN,. In addition, if u € V(G;) \ {v} with p(u) = p(v), the outside neighbor of u belongs to the same cluster
as that of v.
(2) For u € V(G) and v € V(G), there are two cross edges between C; and G for i # j and i,j € [2"] if and only if

c(u) = c(v); otherwise there is only one cross edge.
(3) No two vertices in the same cluster of HCN,, have a common outside neighbor.
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(01,01) __ (01,11) (11,01)  (11,11)
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(00,00) 00,10 (10,00) (10,10)

Fig. 1. The 2-dimensional hierarchical cubic network HCN,.

Proof. (1) Let vy, v, € V(G) \ {v} and v; # vy. By the definition of HCN,, c(vq) # p(v1), c(v2) # p(v2) and p(vq) # p(v,).
Thus, the outside neighbors of v and v, are (p(vy), c(v1)) and (p(v3), c(v;)), respectively. Since p(v1) # p(v;), the outside
neighbors of v; and v, belong to different clusters of HCN,,. Since v € V((;) and c(v) = p(v), the outside neighbor of v
is (c(v), p(v)). Let u € V(G) \ {v}, then c(u) # p(u) and the outside neighbor of u is (p(u), c(u)). When p(u) = p(v), the
outside neighbors of u and v belong to the same cluster of HCN;,.

(2) By (1), the result can be obtained directly.

(3) Let u, v € V(G) for i € [2"] and assume that they have a common outside neighbor, say w, then u and v are the
two outside neighbors of w, which is a contradiction. O

Lemma 2. Let (i, (3, ..., Con be the 2" clusters of HCN,, for n > 3, then for any vertex v € V(G;) and i € [2"], |[N¢,[v]| = n+1
and the outside neighbors of vertices in N¢,[v] belong to different clusters of HCN,,.

Proof. Without loss of generality, let v € V(C;). C; is isomorphic to the n-dimensional hypercube Q,, which is n-regular,
thus |N¢, [v]| = n4+1. As n > 3, for any vy, v, € N, [v], p(v1) # p(v2). By (1) of Lemma 1, the outside neighbors of vertices
in N¢, [v] belong to different clusters of HCN,. O

Lemma 3. Let C;,Cy, ..., Con be the 2" clusters of HCN, and H = HCNn[U _1 V( C,J ) forij € [2"],k > 1 and n > 3, then H
is connected.

Proof. Without loss of generality, let H = HCN,, [U _1 V(G)]. By (2) of Lemma 1, there is at least one cross edge between
any two distinct clusters of HCN,. Thus, H is connected. O

3. The generalized 4-connectivity of the hierarchical cubic network HCN,

In this section, we will study the generalized 4-connectivity of hierarchical cubic networks. To prove the main result,
the following results are useful.

Lemma 4 ([1]). Let G be a k-connected graph, and let x and y be a pair of distinct vertices in G. Then there exist k internally
disjoint paths Py, P,, ..., Py in G connecting x and y.

Lemma 5 ([1]). Let G = (V, E) be a k-connected graph, and let X and Y be subsets of V(G) of cardinality at least k. Then there
exists a family of k pairwise disjoint (X, Y)-paths in G.

Lemma 6 ([1]). Let G = (V, E) be a k-connected graph, let x be a vertex of G, and let Y C V(G) \ {x} be a set of at least k
vertices of G. Then there exists a k-fan in G from x to Y. That is, there exists a family of k internally disjoint (x, Y)-paths whose
terminal vertices are distinct in Y.

The following result is about the connectivity of the hypercube Q.

Lemma 7 ([1]). «(Q,) =n forn > 2.

The following result is about the generalized 4-connectivity of the hypercube Q,.
Theorem 1 ([19]). x4(Q,) =n— 1 for n > 2.
The following result is about the upper bound of «(G) for a connected graph G.

196



S.-L. Zhao, R-X. Hao and J. Wu Discrete Applied Mathematics 289 (2021) 194-206

Lemma 8 ([19]). Let G be a connected graph of order n with minimum degree §. Then «y(G) < § for 2 < k < n. In particular,
if there are two adjacent vertices of degree §, then «(G) < 8§ — 1 for 3 < k < n. Moreover, the upper bounds are sharp in both
cases.

The following result is about the relationship between «(G) and «y_1(G) of a regular graph G.

Lemma 9 ([19]). Let G be an r-regular graph. If x(G) = r — 1, then k;_1(G) = r — 1, where k > 4.

To prove the generalized 4-connectivity of the n-dimensional hierarchical cubic network HCN,, for n > 3, the following
lemmas are useful.

Lemma 10. Let Cy, Gy, ..., Con be the 2" clusters of HCN,, forn > 3. Let S = {x, y, z, w} € V(HCN,) such that |S(V(G)| = 3
and |S(\V(G)I = 1 for distinct i, j € [2"], then there are n internally disjoint trees connecting S in HCN,.

Proof. Without loss of generality, let [S(V(Ci)| = 3 and S V(G2)| = 1. Let {x,y,z} € V(C;) and w € V((,). See Fig. 2.
Recall that v = (c(v), p(v)) for each v € V(HCN,). As x # z, assume that p"(x) # p"(z) and let p(x) = aqa; - - - a,_10 and

p(z) = biby - --by_11. As G; is a copy of Q, for each i € [2"], we assume that the nth digit of p(y) is 0. Divide C1 along
the nth digit of the node-id into two copies of Q,_1, denoted by Qn , and Qﬂ 1» respectively. Thus, x,y € V(Q,1 ) and
ze V(Qn ). By Lemma 7, K(Qn ) = n — 1, then there are n — 1 internally disjoint paths Py, Py, ..., Pp_q between x and
y in Q,{? Let x; € V(P;) such that yi € V( Qﬂ )\ {z}, where y; is the neighbor of x; in Qﬂ 1 and 1 <i<n-1This

can be done as P;s are internally disjoint for 1 < i < n— 1. Let X = {x1,X2,...,Xp—1} and Y = {y1,¥2,...,¥n-1}. By
Lemma 7, K(Q,.L]) =n— 1. By Lemma 6, there are n — 1 internally disjoint paths PQ, Py, ..., P,/H fromz to Y in Qntl. Let

T, =P Uxyi U P/ for each i € [n — 1], then n — 1 internally disjoint trees T;s that connecting x, y and z are obtained in
Ci.

Note that X = {x1, X2, ..., Xp—1}, it is possible that x € X or y € X. To avoid duplication, we just consider the case that
x¢Xandy ¢ X. Let X’ = XU {x, y}. By (1) of Lemma 1, the outside neighbors of vertices in X’ belong to different clusters
of HCN,,.. Thus, there is at most one vertex of X’ with the outside neighbor belonging to C,. To obtain the main result, the
following two cases are considered.

Case 1. There is one vertex in X’ with the outside neighbor belonging to C,.

Without loss of generality, let x; € V(G),x; € V(Ciyq) for2 <i <n—1,x € V(Gy1) and y' € V(Gyy2). By (2)
of Lemma 1, there is an edge w;w] € E;(Cit1, o) such that w; € V(Cyq) and w; € V(G) for 2 < i < n— 1. Let
W' = {x}, w), ..., w,_,}, then the following subcases are considered depending on the outside neighbor z’ of z.

Subcase 1.1. Z € V((y).

As any vertex of HCN, has exactly one outside neighbor, z’ ¢ W'. Let W = W' U {z'} = {x], w}, ..., w_4,
W|=n.

If w ¢ W, by (2) of Lemma 1, w’ ¢ UL ,V(C;). Without loss of generality, let w’ € V(Cy43). See Fig. 2. By Lemma 7,

«(C2) = n. By Lemma 4, there are n internally disjoint paths Wy, W3, ..., W, from w to W such that X; € Wy, w) e W,
for2 <i<n-—1andz € W,. As 1 is connected, there is a path P between x; and w; in G4 for 2 = i<n-—1 By
Lemma 3, HCNn[U,”ﬁfHV(C)] is connected, so it contains a tree T that connects x',y’ and w’. Let T; = Tl U Wy U x1x),
T; = T UPLUWUxxiUww; for2 <i<n—1land T, =W,UTUxx' Uyy Uzz' Uwuw’, then n internally disjoint S-trees
Tisfor1 <i<nare obtalned in HCN,,.

IfweW,let W= (W\ {w})U {v} for v € V(G;) and v' € V(Cyy3). By (2) of Lemma 1, this can be done. Similar as
w ¢ W, n internally disjoint S-trees T;s for 1 < i < n can be obtained in HCN,,.

Subcase 1.2. z' € V(Ciy1) for some i € [n — 1]\ [1].

Without loss of generality, let z € V(G3). See Fig. 3. Since Z/, X, € V(C3), by (2) of Lemma 1, y, ¢ U?:fV(C,-). Without
loss of generality, let y;, € V(G,y3). By (2) of Lemma 1, there are edges aa’ € E;(Cyy3, () and bb" € E(Cyy2, C2) such
that a € V(Cyy3), b € V(Cyy2), and @', b’ € V(G,). Recall that there is an edge wjw; € E(Cit1, Co) such that w; € V(Ciiq)
and w; € V(G;)for3 <i<n—1LtW = {x},d,wj,...,w,_ 1,b/} By Lemma 7, K(Cz) = n. By Lemma 4, there are
n internally disjoint paths Wy, W,, ..., W, from wto W such that X; € Wy, d € Wy, w] € Wifor3 <i <n-—1and
b’ € W,. As (i1 is connected, there is a path P between x; and w; in Giq for3 <i<n-— 1 and there is a path P between
¥, and a in Cr+3. By Lemma 3, HCNn[V(C3 UG U C,1+2)] is connected thus it contains a tree T that connects X', y’, z’
and b. Let T; = T1 UWl lexl,Tz = TZUWZUPUUyzyZUaa T, = T,UP,UW,UXX Uww; for3 <i<n-—1and
T, =W, UT Ubb' Uxx' Uyy Uzz, then n internally disjoint S-trees are obtained in HCN,,.

Subcase 1.3.z" € V(HCN,) \ UL, V(G).

Without loss of generality, let z’ € V(C,11). By (2) of Lemma 1, there is an edge aa’ € E(Cpy2, C2) such that a € V(C12)
and @’ € V((,). See Fig. 4. Recall that there is an edge w;w] € E¢(Cit1, Go) such that w; € V(Cyq) and w] € V() for
2<i<n-—1LetW = {x},w), w;,...,w,_;,d}. By Lemma 7, k(C;) = n. By Lemma 4, there are n internally disjoint
paths Wy, W, s Wy from w to W such that x; € Wy, wf € Wifor2 <i <n—1anda e W,. As G, is connected,
there is a path P; between x; and w; for 2 <i <n — 1in Giq. By Lemma 3, HCNy [V(Coq1 U Gry2)] IS connected, thus it
contains a tree T connecting X', y',z’ and a. Let Ty = Ty UW; U x|, T; = T; UP; U W; Uxx; U wyw] for2 <i<n—1and
T, =W, UTUad Uxx" Uyy' Uzz/, then the result is obtained.

z'}, thus
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!
x’ w
T
Chr+1 Cit1 Cn+2 Crts
(2<i<n-—1)
Fig. 2. The illustration of z’ € V(C,).
a
= b /
Y2 P
T

C’n+1 03 Ci+1 Cn+2 Cn+3

(3<i<n-—1)

Fig. 3. The illustration of z’ € V(C3).

/ ~
T - P, '
T T W a
Cn—H Ci+1 Cn+2

(2<i<n-1)

Fig. 4. The illustration of z’ € V(Cpy1).

Case 2. None of the vertices in X’ have their outside neighbors belonging to C,.

Without loss of generality, let x; € V(Gy,) for 1 <i<n—1,x € V(Ci12) and y' € V(Gyy3). To prove the result, the
following subcases are considered.

Subcase 2.1. Z € V((y).
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z’ = h v’
P; 4
w; —
B T
S I G
Ch+2 Ciyo Cnys Crsa

(1<i<n-—1)

Fig. 5. The illustration of Subcase 2.1.1.

By (2) of Lemma 1, there is an edge wjw] € Eq(Ciy2, C;) such that w; € V(Ci;2) and w] € V(G;) for 1 <i<n— 1. Let
W = {w}, w), ..., w,_;,2'}. By Lemma 7, k(C;) = n. By Lemma 4, there are n internally disjoint p.‘ighs Wi, Wy, ..., W,
from w to W such that w] € W; for 1 <i <n—1andz € W,. As Gy, is connected, there is a path P; between x; and w;
in G, for 1 <i < n— 1. Consequently, we just consider z’ # w and w] # w for each i € [n — 1] by the location of w’ as
the discussions for z/ = w or w] = w for some i € [n — 1] are similar.

Subcase 2.1.1. w’ € V((y) o

In this case, ww’, zz’ € Ecr(Cl, G)and z/, w € V(C,). By (1) of Lemma 1, p(z’) = p(w). Thus, dy(z’, w) = n > 3. Recall
that W, is the path from z’ to w in Cz, so there is a vertex v € V(Wn) \ {z/, w}. See Fig. 5. As ww’, zz' € E;(Cq, G3), by (2)

of Lemma 1, v’ ¢ U"“V( ) That is, v’ € UZ 12V(G). As HCN, U 142 V(Gi)] is connected, it contains a tree T connecting

X,y and v'. Let T; = T, U P, UW,;Uxx;Uww] for1 <i<n-—1and T, =TUW, Uxx' Uyy Uzz'Uvv/, then n internally
disjoint S-trees T;s for 1 < i < n are obtained in HCN,,.

Subcase 2.1.2. w’' € V(Ci;,) for some i € [n — 1]

Without loss of generality, let w’ € V(C3). See Fig. 6. By (2) of Lemma 1, there is an edge aa’ € E.(Cpy2, C3) such that
a € V(Cyi2) and @’ € V(G3). Let S = {x}, w'} and T = {wy, a'}. By Lemma 5, there are two internally disjoint (S, T)-paths,
say P and P, such that P is the path from X} to w; and P is the path from w’ to a'. Let H = HCNu[V(Cyy2 U C,1+3)] By
Lemma 3, H is connected. Thus, there is a tree T connecting x’, a and y’ in H. Let T; = T1 UPU Wi Uxix; Uwwy, T =
T, UPIUW, Uxx;Uww; for2 <i<n-—1and T, =W, UPUT UUxx' Uyy Uzz' Uww’ U ad’, then n internally disjoint
S-trees T;s for 1 < i < n are obtained in HCN,,.

Subcase 2.1.3. w' € U _V(C)

1 n+2

By Lemma 3, HCN, [U, 102V (G)] is connected and it has a tree T connecting X', y" and w'. Let T; = ’T\iuﬁ-UWiUxix,wa,-w{
forl<i<n-—1landT,=W,UTUxx Uyy Uzz Uwuw’, then n internally disjoint S-trees are obtained in HCN,,.

Subcase 2.2. 7’ € V(Ci2) for some i € [n — 1].

Without loss of generality, let z’ € V(C3), then x;X], zz" € E;(Cy, C3). See Fig. 7. By (2) of Lemma 1, y| ¢ U””V(C)
Without loss of generality, let y; € V(Cyt4). By (2) of Lemma 1, there are edges aa’ € E;(Cny3, C2) and bb’ € EC,(C,,+4, G)
such that a € V(Gy3),b € V(Ciys) and @', b" € V(G,). Recall that there is an edge wjw] € E.(Cio, C;) such that
wi € V(Gp)and wj € G for2 <i<n—1LtW = {b',w), w;, ..., w,_;,a}. By Lemma 7, x(C;) = n. By Lemma 4,
there are n internally disjoint paths Wy, Ws, ..., W, from w to W such that b’ € Wy, wj € W for2 <i <n—1and
a’ € Wy. As G is connected for each i € [2"], there is a path P between ¥ and b in G4 and there is a pathﬁ- between x;
and wj; in Gy, for 2 5 i<n-—1 Let H= HCNy[V(C3 U Gy U Coy3)l. By Lemma 3, H is connected. Thus, there is a tree
T connecting x/, y Z' and a in H. LetTl =T{UPUW; Uyy;UbY, T; =T;UP;UW,; U xx; Uwjw; for2<i<n-—1and
T, =W, UTUad Uxx' Uyy UzZ, then n internally disjoint S trees are obtained in HCN;,.

Subcase 2.3. 7' € Uf"HZV(C,)

Let H = HCN, [Ul ni2V V(G)]. By Lemma 3, H is connected. By (2) of Lemma 1, there are edges wjw; € E(Cij2, C2) such
that w; € V(Gyz) and w] € V(Gy) for 1 <i <n—1and ad € E;(GCyy3, C2) such that a € V(Cyy3) and @ € V((G). Let
W = {w], wy, wj, ..., w;H, d'}. By Lemma 7, «(Cy) = n. By Lemma 4, there are n internally disjoint peEhs Wi, Wy, ..., W,
from w to W such that w; € W;for 1 <i <n—1andd € W,. As (i, is connected, it contains a paLh PLbetween x; and w;
in Gy, for 1 <i < n—1.As H is connected, it contains a tree T connecting ', y’, z’ and a. Let T; = T; U P; U W; U x;x; U w;w;
fori<i<n-—1landT,=W,UTUad Uxx Uyy' Uzz, thus n internally disjoint S-trees are obtained in HCN,. 0O

Lemma 11. Let Cy, Gy, ..., Con be the 2" clusters of HCN,, forn > 3. Let S = {x, y, z, w} € V(HCN,) such that |S(V(G)| = 2
and |S(\V(G)| = 2 for distinct i, j € [2"], then there are n internally disjoint trees connecting S in HCNp,.
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Fig. 7. The illustration of Subcase 2.2.

Proof. Without loss of generality, let |S(V(Cy)| = 2 and S V(G2)| = 2. Let {x, ¥} < V(C;) and {z, w} € V(C,). See
Fig. 8. By Lemma 7, k(Cy) = x(C3) = n, then there are n internally disjoint paths Py, P,, ..., P, between x and y in C; and
n internally disjoint paths P, P}, ..., P; between z and w in G,. Let x; € V(P;)NN(x) and z; € V(P{)NN(z)for 1 <i < n. Let
X = {x,x1,X2,...,%,} and 7= {z,z1,25, ..., 2y}. Choose n vertices from )A<, denoted by X, such that the outside neighbor
of any vertex in X does not belong to C,. Similarly, choose n vertices from 2 denoted by Z, such that the outside neighbor
of any vertex in Z does not belong to C;. By Lemma 2, this can be done. Without loss of generality, let X = {xq, X2, ..., Xx}
and Z = {z1,25, ..., zp}. Let X' = {x},x,, ..., x;} and Z' = {z], 2}, ..., z,}, where x] and z] are the outside neighbors of x;
and z;, respectively. By Lemma 2, the vertices in X'(resp.Z’) belong to different clusters of HCN,. Without loss of generality,
let x; € V(Ci;2) for 1 < i < n. By the location of the vertices in Z’, the following two cases need to be considered.

Case 1. The vertices in X’ U Z’ belong to different clusters of HCN,,.

Without loss of generality, let zj € V(Cqi244) for i € [n]. As 2" > 2n + 2 for n > 3, this can be done. By Lemma 3,
HCN,[V(Ci | Cra2+i)] s connecte’c\l for each i € [n]. Then there is a path P; between x; and z; in HCN,[V(C; U Cat2+i)] for
eachi € [n]. Let T; = P; UP,/ U P; U xix; Uziz{ for each i € [n], thus n internally disjoint S-trees T;s for 1 < i < n are
obtained in HCN;,.

Case 2. There exists an element of X’ which belongs to the same cluster with some element of Z’.

Without loss of generality, let xg and z{ belong to the same cluster for 1 =< i < m, where 1 < m < n. In addition,
let z/ € V(Gyyz—m+i) for m + 1 < i < n. As G is connected, there is a path P; between xpand z/ in G for1 <i < m.
In addition, thgre is a path P; between x] and z] in HCN,[V(G; U Car2—m+i)], as it is connected for m + 1 < i < n. Let
T, =P UP,.’ U P; U x;x; Uziz{ for each i € [n], then n internally disjoint S-trees T;s for 1 < i < n are obtained in HCN,. O

Recall that the n-dimensional hierarchical cubic network HCN,, can be decomposed into 2" clusters, say Cy, Cs, ..., Con.
As G; is isomorphic to an n-dimensional hypercube Q, for each i € [2"], by Lemma 7, «(C;) = n. Let x,y € V(Cy), then
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Fig. 9. The illustration of y' € V(C,).
there are n internally disjoint paths Py, P,, ..., P, between x and y in C;. By the known result, we have the following

lemma.

Lemma 12. Let C;,Cy, ..., Con be the 2™ clusters of HCN, for n > 3. Let S = {x,y,z,w} < V(HCN,) such that
x,y € V(C1),z € V(G;) and w € V(GC3). Let Py, Py, ..., P, be the n internally disjoint paths between x and y in Cy. Let
xi € Nx)NV(P;) fori € [n] and N[x] = {x, X1, X2, ..., Xp}. If there are two cross edges between N[x] and V(C, U C3), then
there are n internally disjoint trees connecting S in HCNj,.

Proof. Let x',y" and x] be the outside neighbors of x,y and x; for 1 < i < n, respectively. By Lemma 2, the outside
neighbors of vertices in N[x] belong to different clusters of HCN,,. Consequently, we just consider the case for y ¢ N[x] as
the discussion for y € N[x] is similar.

Case 1. x; € V((7) and x; € V(G3) for some two distinct i, j € [n].

Without loss of generality, let x; € V((3), X, € V(G3),x; € V(Gyq) for 3 <i <nandx € V(Cyy2).

Ify € V(Gy), by (2) of Lemma 1, there is an edge ziz/ € E.(Ciy1, C2) such that z; € V(Ci1) and z{ € V(Gy) for 3 <i < n.
See Fig. 9. In addition, there is an edge wjw; € Eq(Ciy1, C3) such that w; € V(Gyq) and w] € V(G3) for3 <i<n+ 1
Let Z = {x},y. 25, ...,z;} and W = {x,, wj, wy, ..., w; ,}. By Lemma 7, k(C;) = «(C3) = n. By Lemma 4, there are
n internally disjoint paths Z, Z,, ..., Z, from z to Z and n internally disjoint paths Wy, W5, ..., W, from w to W such
that Xj € Z1,y € Z,zl e Zifor 3 <i < n,x, € Wy and w] € Wi_1 for 3 <i < n+ 1. As Coy is connected, there is
a path P between X and wp11 in Gyy». In addition, there is a tree T; connecting X}, z; ang w; in Giyq for 3 < i < n. Let
Ty =PiUZiUPUW,UxiX; UxX Uwppqw, 1, To = BLUZLUW Uy Uxpx, and T = BUT,UZ U W, Uxix; Uziz) U wiw;
for 3 <i < n, then n internally disjoint trees connecting S are obtained in HCNj,.

If y € V(C3), similar as y € V((C;), n internally disjoint trees connecting S can be obtained in HCN;,.

If y € V(Cyq) for some 3 < i < n, without loss of generality, let y € V(C4). See Fig. 10. As 2" > n + 3 for
n > 3, there is a cluster, say C,.3. By (2) of Lemma 1, there is an edge aa’ € E;(C,.2, C;) such that a € V(Cpy») and
a’ € V(Gy). In addition, there are edges vv' € E.(Cy, C3), bb’ € Eq(Cors, o), c¢’ € Eq(Cays, C3) and uu’ € E(Cy, Coas)
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Fig. 11. The illustration of y’ € V(Cyy2).

such that v € V(Cy), v € V(G3),b,c,u € V(Chy3), b € V(G3),c’ € V(C3) and u € V(Cy). In addition, there are edges
ziz] € Eq(Cip1, Go) and wjw] € Eq(Citq, G3) such that z;, w; € V(Citq), z) € V(Gy) and w] € V(G) for 4 <i < n. As G is
connected for each i € [2"], there is a path P between X’ and a in C,, there is a tree T connecting v, b and ¢ in G4 3
and there is a tree T; connecting x},z; and w; in C; for 4 < i < n. As«(Cy) =n > 3,letS = {x,y'} and T = {u, v}.
By Lemma 5, there are two disjoint paths from S to T, say R; and R, such that R; is a path from x; to u and R; is a
path from y' to v. Let Z = {x|,a’,b',z,...,z;} and W = {V/, X}, ¢/, w), ..., wy}. By Lemma 7, k(C;) = «(C3) = n. By
Lemma 4, there are n internally disjoint paths Z;, Z,, ..., Z, from z to Z and n internally disjoint paths Wy, W,, ..., W,
from w to W such that x| € Z;,d € Z,,b' € Z3,z] € Z;, v € Wy, X, € W, € Wz and w] € W, for 4 < i < n. Let
T =P, UX]X/] UZLL\Jyy/URZva/UWh T, =P, UXZX/ZUWZ UXX’UPUG(Z/UZZ, T3 = P3 UX3X,3UR] UUU/UTUbb/UCC,UZE,UWg
and let T; = P; U T; U x;x; U ziz/ U wyw] U Z; U W for 4 < i < n, then n internally disjoint trees connecting S are obtained
in HCN,,.

If y' € V(Cyy2). See Fig. 11. By (2) of Lemma 1, there are edges ziz; € E;(Ciyq, (2) and wjw] € E(Ciyq, C3) such that

zi, wi € V(Ciy1), 2z € V(G)and w] € V(G3)for3 <i<n+1.LletZ = {x/l,zg,zjt,...,z;“} and W = {x,, w}, wj, ..., w;H}.
By Lemma 7, k(G;) = «(C3) = n. By Lemma 4, there are n internally disjoint paths Z;, Z,,...,Z, from z to Z and
n internally disjoint paths Wy, W, ..., W, from w to W such that x| € Z;,z/ € Z_1,x, € Wy and w] € W;_; for

3 <i<n+ 1. As( is connected for each i € [2"], there is a tree T connecting X', y’, Zy+1 and wy 1 in Cyyo. In addition,
thergis a tree T;_; connecting X}, z; and w; in Gy for 3 <i < n. Let Ty = Py U (P \ {x}) UZ; UW; Uxix] Uxpx), Tig =
P;UT_1UZ_1UW;_1U X,'Xl{ UZI'Z,-, U wiwi’ for3<i<nandT,=TUZ,UW,U xx/ Uyy/ Uzn+1zl/1+] U wn+]w;1+1, then n
internally disjoint trees connecting S are obtained in HCN,,.

Ify e V(HCNn)\U?:fV(Ci). Without loss of generality, let y' € V(C,3). See Fig. 12. By (2) of Lemma 1, there are edges
ziz] € E¢(Ciz1, ) and wjw] € Er(Giyq, C3) such that z;, w; € V(Gyq), 2] € V(G;) and w] € V(G3) for 3 <i <n+ 1. Let
Z=1{X,2324....2, ) and W = {x;, wy, wy, ..., w, 4}. By Lemma 7, k(G;) = k(C3) = n. By Lemma 4, there are n
internally disjoint paths Z;, Z,, ..., Z, from z to Z and n internally disjoint paths Wy, W5, ..., W, from w to W such that
X €21,z € Zi_1,x, € Wy and w] € W;_; for 3 <i < n+ 1. By Lemma 3, HCN,[V(Cy12 U Coy3)] is connected. Thus, it
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Fig. 13. The illustration of Case 2 of Lemma 12.

contains a tree T that connects X', z,,1, wpy1 and y'. As Ci, 1 is connected for 3 <i <n + 1, there is a tree /7:,-,1 connecting
X}, ziand w; in G4 for 3 <i < n+1.Let Ty = P;UZUW;U(P2 \ {x})Ux1x]Ux2x5, Timq = PUT;_1UZi_1UW,_; Ux;x;Uz;z{ Uw;w;
for3<i<nandT, =TUZ, UW, UxX'UZzy;12,,; Uyy U wpywy,,, then n internally disjoint trees connecting S are
obtained in HCN;,.

Case 2. X' € V((;) and x; € V(Cs3) for some i € [n].

Without loss of generality, let X' € V(C,), x] € V(C3) and x] € V(Ci;) for 2 < i < n. See Fig. 13. By (2) of Lemma 1,
there are edges ziz; € E;(Ciy2, C2) and wjw] € Eo(Cip2, G3) such that z/ € V(G,), w; € V(G3) and z;, w; € V(Ciy,) for
2<i<nletZ={x,z,z;,...,z;} and W = {x], w}, wj, ..., w;}. By Lemma 7, «(C;) = «(C3) = n. By Lemma 4, there
are n internally disjoint paths Z;, Z,, ..., Z, from z to Z and n internally disjoint paths Wy, W5, ..., W, from w to W such
thatx' € Zy,z € Z;, x; € Wy and w; € W; for 2 < i < n. As Gy, is connected for each i € [2"], there is a tree T; connecting
Xj,ziand w; in Gy, for2 <i<n.LletTy =P, UZUW;UxxX' Uxyxj and T; = P; UT/ U Z UW,; U xx; U ziz] U wyw; for
2 <i < n, then n internally disjoint trees connecting S are obtained in HCN,. O

Lemma 13. Let C;,Cy, ..., Con be the 2™ clusters of HCN, for n > 3. Let S = {x,y,z,w} < V(HCN,) such that
x,y € V(C1),z € V(G) and w € V(GC3). Let Py, P, ..., P, be the n internally disjoint paths between x and y in Cy. Let
xi € N(x)NV(P;) for i € [n] and N[x] = {x, X1, X2, ..., Xp}. If there is at most one cross edge between N[x] and V(C, U C3),
then there are n internally disjoint trees connecting S in HCN,,.

Proof. Let x',y" and x] be the outside neighbors of x,y and x; for 1 < i < n, respectively. By Lemma 2, the outside
neighbors of vertices in N[x] belong to different clusters of HCN,. To prove the result, the following cases are considered.
Case 1. There is exactly one cross edge between N[x] and V(C, U C3).
Without loss of generality, let x| € V((;), x; € V(Ciy2), and X' € V(Cyy3) for 2 < i < n. See Fig. 14. By (2) of Lemma 1,
there are edges z;z] € E/(Ciy2, G) for 2 <i < n and w;w] € Eq(Ciy2, G3) for 2 <i < n+ 1 such that z;, w; € V(Gy2), 7z €
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Fig. 15. The illustration of Case 2 of Lemma 13.

!(Cz) and w] € V(G3). As G is connected for each i € [2"], there is a path P between x" and wy11 in G153 and a tree
T; connecting x{,z; and w; in Gy for 2 < i < n. letZ = {x},2),25,...,z;} and W = {w}), w}, wjl,...,w;m}. By
Lemma 7, k(C;) = k(C3) = n. By Lemma 4, there are n internally disjoint paths Zy, Z,, ..., Z, from z to Z and n internally
disjoint paths Wy, W,, ..., W, from w to W such that x] € 71,7 € Z,,wnﬂ e Wy, and w; € Wyfor2 <i < n. Let
Ty =PyUZ UPUW; Uxixy Uxx’ an+1wn+l and T; = P; UT UZ UW; Uxx; Uziz] Uww; for 2 < i < n. Then n internally
disjoint trees connecting S are obtained in HCN,,.

Case 2. There is no cross edge between N[x] and V(C, U C3).

Without loss of generality, let x; € V(Cys3) for 1 < i < n. See Fig. 15. By (2) of Lemma 1, there are edges
ziz] € Ex(Ciys, o) and wjw] € Eq(Ciys, C3) such that z;, w; € V(Ciy3),z) € V(G) and w] € V(G3) for 1 < i < n. Let
Z =1z1,7,,...,z;} and W = {w], w), ..., w,}. By Lemma 7, «(C;) = «(CG3) = n. By Lemma 4, there are n internally
disjoint paths Zy,Z,, ..., Z, from z to Z and n internally disjoint paths Wi, W, ..., W, from w to W such that z] € Z;
and w; ew for 1 < i < n. As G 3 is connected, there is a tree T connecting x;,z; and w; in Ciy3 for 1 < i < n. Let
T; _P, UT, UZ UW,; Uxx; Uzz] Uww] for 1 <i < n, then the result is obtained. O

Lemma 14. Let Cy, Gy, ..., Con be the 2" clusters of HCN,, forn > 3. Let S = {x,y, z, w} € V(HCN,) such that |SNV(G)| = 1,
ISAVG) = 1, ISNV(G)l = 1and [SNV(Ce)l = 1, i,j, k, € are mutually distinct and i,j, k, £ € [2"], then there are n
internally disjoint trees connecting S in HCN,,.

Proof. Without loss of generality, let |[S(V(C1)] = 1,|SV(G) = 1,|S(V(Gs)| = 1, and |[S[V(C4)| = 1. Let
x € V(Cy),y € V(Gy),z € V(C3), and w € V(Cy), see Fig. 16. By (2) of Lemma 1 and 2" > n + 4 for n > 3, one can
choose n vertices from Cy, say X1, Xy, ..., X,, such that x; € V(C4), where x; is the outside neighbor of x; in HCN, and
1 < i < n. Then choose n vertices y1, y, ..., Yy, from Cy, n vertices zi, z, . .., z, from C3 and n vertices w1, wo, ..., wy
from C4 such that y, z/, w; € V(Cit4), where y/, z/ and w; are the outside neighbors of y;, z; and wj, respectively. Let
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Fig. 16. The illustration of the proof of Lemma 14.

X = {x1,%, ..., %Y = 1, Y2, ... Z = {z1,20, ..., 2y} and W = {wq, wa, ..., w,y}. By Lemma 4, there are n
internally disjoint paths Xi, Xo, ..., X, from x to X such that x; € X;, n internally disjoint paths Y, Y>,...,Y, from y to
Y such that y; € Y;, n internally disjoint paths Zy, Z, ..., Z, from z to Z such that z; € Z; and n internally disjoint paths
Wi, Wa, ..., W, from w to W such that w; € W, respectively. It is possible that one of the paths Xis(resp.Y;s, Z;s, Wis)
is a single vertex. As Cj;4 is connected, there is a tree T; connecting X, y,, z and w; in G4 for each i € [n]. Let
T =X;UY;UZ UW; UT; Uxx; Uy} Uzz] Uww; for each i € [n]. Then n internally disjoint S-trees T;s for 1 <i < n are
obtained in HCN,. O

Theorem 2. Let HCN, be an n-dimensional hierarchical cubic network, then x4(HCN,) = n.

Proof. As HCN, is (n + 1)-regular, by Lemma 8, x4(HCN,) < § — 1 = n. To prove the result, we just need to show that
k4(HCN,) > n. Let S = {x,y, z, w}, where x, y, z and w are any four distinct vertices of HCN,,. By the symmetry of HCN,,
we prove the result by considering the following cases.

Case 1. x,y, z and w belong the same cluster of HCN,,.

Without loss of generality, let S € V(Cy). Recall that C; is a copy of Q,. By Theorem 1, x4(Q,) = n — 1. Then there
are n — 1 internally disjoint S-trees Ty, Ty, ..., T,—q in C. Let X', y', z" and w’ be the outside neighbors of x,y,z and w
in HCN,, respectively. Then {x',y’, z’, w'} C V(HCN, \ C;). By Lemma 3, HCN, \ C; is connected. Thus, there is a tree T;
connecting X', ¥,z and w’ in HCN, \ C1. Let T, = T, Jxx' U yy' U zz' | ww’, then Ty, To, ..., T,, are n-internally disjoint
S-trees in HCN,, and the result is as desired.

Case 2. x,y,z and w belong to two distinct clusters of HCN;,.

By Lemmas 10 and 11, n-internally disjoint S-trees Ty, T5, ..., T, can be obtained in HCN;.

Case 3. x,y,z and w belong to three distinct clusters of HCN;,.

Without loss of generality, let x,y € V(C;),z € V((G;) and w € V(C3). By Lemma 7, x(C;) = n, thus there are n
internally disjoint paths Py, P,, ..., P, between x and y in Cy. Let x; € N(x)NV(P;) for i € [n] and N[x] = {x, X1, X2, ..., Xp}.
By Lemma 2, the outside neighbors of vertices in N[x] belong to different clusters of HCN,,. Thus, there are at most two
cross edges between N[x] and V(C,UCs3). By Lemmas 12 and 13, n-internally disjoint S-trees Ty, T», ..., T, can be obtained
in HCN,,.

Case 4. x,y, z and w belong to four distinct clusters of HCN,,.

By Lemma 14, n-internally disjoint S-trees Ty, T, ..., T, can be obtained in HCN,,.

Thus, k4(HCN,) = n and the result is desired. O

Corollary 1. Let HCN, be an n-dimensional hierarchical cubic network for n > 3, then k3(HCN,) = n.
Proof. By Theorem 2, k4(HCN,,) = n. As HCN,, is (n + 1)-regular, by Lemma 9, x3(HCN,) = n. Thus, the result holds. O
4. Concluding remarks

The hierarchical cubic network HCN,, has some attractive properties to design interconnection networks. In this paper,
we focus on x4(HCN,) of the hierarchical cubic network HCN,, and obtain that x4(HCN,) = n for n > 3. As a corollary, we

obtain that «3(HCN,) = n for n > 3. In future work, the generalized r-connectivity of the hierarchical cubic network for
r > 5 would be an interesting problem.
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